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1. Introduction
A keystream generated by a stream cipher should satisfy the condition that it should be very hard
to replicate the entire keystream from a part of the keystream. So one is interested to know how
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The linear complexity is the most popular complexity measure.
Let Fq denote the ﬁnite ﬁeld with cardinality q, where q is a prime power, and k be a positive
integer. A periodic sequence s = s0s1s2 · · · of elements of Fq is called a kth-order linear recurring
sequence generated by a linear feedback shift register (LFSR, for short) of length k over Fq . If the
sequence s = s0s1s2 · · · satisﬁes the following condition.
There exist λ0, λ1, . . . , λk−1 ∈ Fq such that
s j = λk−1s j−1 + λk−2s j−2 + · · · + λ0s j−k
for all j  k.
The smallest k such that a periodic sequence s is generated by a kth-order LFRS is called the
linear complexity of s. A set of sequences A is called a multisequence of dimension m over Fq if it
contains m periodic sequences over Fq . The (joint) linear complexity of A is the smallest k such that
all m sequences in A can be generated by a ﬁxed kth-order LFSR simultaneously.
In [2], Ding et al. proved the Massey’s conjecture on synthesizing of multidimensional sequences.
After that, many researchers have studied both linear complexity of periodic multisequences and
linear complexity proﬁles of non-periodic multisequences [1,3,8,12–14]. In [6,7,9,10], many scholars
introduced and studied k-error (joint) linear complexity of multisequences.
For our purpose in this paper, we choose the following deﬁnition.
Let A be a periodic multisequence of dimension m and period N over Fq . For an integer k with
0  k mN , the k-error (joint) linear complexity of A is the smallest possible linear complexity for
all multisequences of dimension m and period N obtained by changing k or fewer terms altogether
in their ﬁrst period of length N in all m sequences and then continuing the changes periodically with
period N .
In [5,13–15], authors constructed various types of sequences from algebraic function ﬁelds. Espe-
cially Xing and Ding constructed multisequences with large linear and k-error linear complexity from
Hermitian function ﬁelds in [15]. In this paper, we construct multisequences with various periods
and dimensions from a tower of Artin–Schreier extensions of function ﬁelds. Multisequences obtained
from our methods have larger k-error linear complexity than the k-error linear complexity of the
multisequences in [15].
The paper is organized as follows. In Section 2, we introduce the deﬁnition of the tower of Artin–
Schreier extensions of function ﬁelds and some basic properties. In Section 3, several multisequences
with various periods and dimensions are constructed. Moreover we show that these multisequences
have good properties. In the last section, we make some conclusions.
2. Preliminaries
In [4], Garcia and Stichtenoth gave a tower of Artin–Schreier extensions of function ﬁelds attaining
the Drinfeld–Vla˘dut bound. Voss and Høholdt obtained a sequence of codes attaining the Tsfasman–
Vla˘dut–Zink bound from these function ﬁelds in [16]. The function ﬁelds of this tower are deﬁned in
the following way.
Deﬁnition 2.1. (See [4].) Let F1 := Fq2 (x1) be the rational function ﬁeld over Fq2 . For n 1, set
Fn+1 := Fn(zn+1),
where zn+1 satisﬁes the equation
zqn+1 + zn+1 = xq+1n ,
with
xn := zn/xn−1 ∈ Fn ( for n 2).
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Before we list some properties of these function ﬁelds, we ﬁx some notations.
Fq2 the ﬁnite ﬁeld of cardinality q
2.
F , F1, F2, F3, . . . algebraic function ﬁelds of one variable over Fq2 .
gn = g(Fn) the genus of Fn/Fq2 .
P(Fn) the set of places of Fn/Fq2 .
Nn = N(Fn) the number of places P ∈ P(Fn) of degree one.
v P the normalized discrete valuation associated with P .
There are some properties of function ﬁelds Fi/Fq2 (see [4,16]).
Lemma 2.2. (See [4].)
1) Suppose that a place P ∈ P(Fn) is a simple pole of xn in Fn. Then the extension Fn+1/Fn has degree
[Fn+1 : Fn] = q and P is totally ramiﬁed in Fn+1/Fn. The place P ′ ∈ P(Fn+1) lying above P is a simple
pole of xn+1 .
2) For all n 1, Fq2 is algebraically closed in Fn, and the degree of the extension Fn/F1 is [Fn : F1] = qn−1 .
3) For all n 1, there is a unique place Qn ∈ P(Fn)which is a common zero of the functions x1, z2, z3, . . . , zn.
Its degree is deg(Qn) = 1. For 1 k  n, the place Qn is also a zero of xk, and we have vQn (xk) = qk−1 .
In the extension Fn+1/Fn the place Qn splits into q places of Fn+1 of degree one (one of them be-
ing Qn+1).
Deﬁnition 2.3. (See [4].)
1) For n 2, let
S(n)0 :=
{
P ∈ P(Fn)
∣∣ P ∩ Fn−1 = Qn−1 and P = Qn}.
2) For 1 i  [n−32 ], let
S(n)i :=
{
P ∈ P(Fn)
∣∣ P ∩ Fn−1 ∈ S(n−1)i−1 }.
3) Let P∞ ∈ P(F1) denote the pole of x1 in F1, put
S(1) := {P∞}
and
S(2) := {P ∈ P(F2) ∣∣ P ∈ S(2)0 or P ∩ F1 ∈ S(1)},
i.e., S(2) contains all places of F2 which are either a pole of x1 or a common zero of x1 and
z2 − α, for some α ∈ F∗q2 satisfying αq + α = 0.
4) For n 3 and n ≡ 1 mod 2, let
S(n) := {P ∈ P(Fn) ∣∣ P ∩ Fn−1 ∈ S(n−1)},
and for n 4 and n ≡ 0 mod 2, put
S(n) := {P ∈ P(Fn) ∣∣ P ∩ Fn−1 ∈ S(n−1) ∪ S(n−1)n−4
2
}
.
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1) Let 0 i  [n−32 ] and P ∈ S(n)i . Then the place P is unramiﬁed in the extension Fn+1/Fn.
2) Let P ∈ S(n)i with 0 i  [n−32 ]. Then v P (xn) = −qn−2i−2.
3) For P ∈ S(n) , v p(xn) = −1.
Theorem 2.5. (See [4].) The genus gn = g(Fn) is given by the following formula:
gn =
{
qn + qn−1 − q n+12 − 2q n−12 + 1, if n ≡ 1 mod 2,
qn + qn−1 − 12q
n
2+1 − 32q
n
2 − q n2−1 + 1, if n ≡ 0 mod 2.
There are three types of places of degree one in P(Fn).
(A) Let P ∈ P(F1) be the zero of x1 − α, with α ∈ F∗q2 . Then the place P splits completely in Fn/F1;
i.e., there are exactly qn−1 places above P in P(Fn), all of them having degree one.
(B) The places P ∈ S(2) have degree one, and they are totally ramiﬁed in Fn/F2. Hence, above each of
these places there is a unique place of Fn , and this place has degree one.
(C) The places P ∈ S(n)0 ∪ {Qn} are of degree one.
There are (q2 − 1)qn−1 places of type (A), q places of type (B) and q places of type (C).
Proposition 2.6. (See [4].) For all n 3,
N(Fn)
(
q2 − 1)qn−1 + 2q.
In fact, when q is odd,
N(Fn) =
(
q2 − 1)qn−1 + 2q ( for n 3),
when q is even,
N(F3) =
(
q2 − 1)q2 + 2q,
N(F4) =
(
q2 − 1)q3 + q2 + q,
N(Fn) =
(
q2 − 1)qn−1 + 2q2 ( for n 5).
3. Constructions
3.1. Multisequences from F3
Firstly, we consider F3/Fq2 .
Lemma 3.1.
N(F3) =
(
q2 − 1)q2 + 2q
and
g3 = g(F3) = q3 − 2q + 1.
846 H. Tong / Finite Fields and Their Applications 18 (2012) 842–854For α ∈ F∗
q2
= Fq2 \ {0}, let
Mα :=
{
(β,γ ) ∈ F2q2
∣∣ βq + β = αq+1, and γ q + γ = (α−1β)q+1}.
For α ∈ F∗
q2
and (β,γ ) ∈ Mα , let Pαβγ ∈ P(F3) be the common zero of x1 − α, z2 − β and z3 − γ .
Then deg(Pαβγ ) = 1. Put
M := {Pαβγ ∣∣ α ∈ F∗q2 , (β,γ ) ∈ Mα}.
So |M| = (q2 − 1)q2, and these places in M are of type (A).
Let P00δ ∈ P(F3) be the common zero of x1, z2 and z3 − δ, where δq + δ = 0. Put
M0 :=
{
P00δ
∣∣ δ ∈ Fq2 and δq + δ = 0}.
So |M0| = q. These places in M0 are of type (C).
For S(3) , we have
Proposition 3.2. Let P0α ∈ S(2)0 ⊆ S(2) denote the common zero of x1 and z2 − α, for some α ∈ F∗q2 and
αq + α = 0. So
S(3) = {Q 0α ∣∣ α ∈ F∗q2 and αq + α = 0, Q 0α ∩ F2 = P0α}∪ {P (3)∞ ∣∣ P (3)∞ ∩ F1 = P∞},
and
vQ 0α (z3) = −(q + 1), v P (3)∞ (z3) = −(q + 1).
Proof. From the deﬁnition of S(3) and Proposition 2.4 3), the places P ∈ S(2) have degree one, and
they are totally ramiﬁed in F3/F2. So v P0α (x2) = −1, and vQ 0α (x2) = −q, vQ 0α (x3) = −1. So
vQ 0α (z3) = vQ 0α (x3) + vQ 0α (x2) = −(q + 1).
Similarly, we have v
P (3)∞
(z3) = −(q + 1). 
Before we construct multisequences, we need a lemma (see [15]).
Lemma 3.3. (See [15].) Let y1, y2, . . . , yk be k elements of F . Suppose there exist k distinct places
P1, P2, . . . , Pk of F such that v Pi (y j) < 0 if and only if i = j for all 1  i, j  k. Then y1, y2, . . . , yk are
Fq2 -linearly independent.
For a ∈ F∗
q2
, c ∈ Fq2 and cq + c = 0, we deﬁne
σa,c : F3 → F3,
σa,c(x1) = ax1,
σa,c(z2) = aq+1z2,
σa,c(z3) = aq+1z3 + c,
σa,c(α) = α, ∀α ∈ Fq2 .
Then σa,c ∈ Aut(F3/Fq2 ).
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Proposition 3.4. (See [11].) Let σ ∈ Aut(F/Fq2 ), P ∈ P(F ) and f ∈ F , then:
1) σ(P ) is also a place of F with deg(σ (P )) = deg(P ).
2) vσ(P )(σ ( f )) = v P ( f ).
3) σ( f )(σ (P )) = f (P ) if v P ( f ) 0.
Lemma 3.5. Let  denote a generator of Fq2 .
1) σ,0 ∈ Aut(F3/Fq2 ) and ord(σ,0) = q2 − 1.
2) σ,0(P
(3)∞ ) = P (3)∞ , σ,0(P000) = P000 .
3) Let β ∈ F∗
q2
, βq + β = 0,
{
σ i,0(Q 0β), i = 0,1, . . . ,q2 − 2
}= {Q 0α ∣∣ α ∈ F∗q2 , αq + α = 0}.
4) Let γ ∈ F∗
q2
, γ q + γ = 0,
{
σ i,0(P00γ ), i = 0,1, . . . ,q2 − 2
}= {P00δ ∣∣ δ ∈ F∗q2 , δq + δ = 0}.
5) The action of σ,0 on all rational places in M gives rise to q2 orbits, and each of these orbits contains q2 −1
elements.
Proof. From the deﬁnition of σ,0, 1) and 2) are obviously correct.
σ,0(x1) = x1, σ,0(z3) = q+1z3,
σ,0(z2 − β) = q+1z2 − β = q+1
(
z2 − β
q+1
)
.
 is a generator of Fq2 , then 
q+1 is a generator of Fq .
(
β
q+1
)q
+ β
q+1
= 1
q+1
(
βq + β)= 0.
3) is proved. Similarly, we can prove 4).
For any rational place Pαβγ ∈ M , the places σ i,0(Pαβγ ) are distinct for i = 0,1, . . . ,q2 − 2. So the
action of σ,0 on all rational places in M gives rise to q2 orbits, each of these orbits contains q2 − 1
elements. 
The automorphism group σ,0 divides all rational places in M into q2 orbits, and every orbit con-
tains q2 − 1 elements. Let us label the elements of these q2 orbits
{
σ
j
,0(R): j = 0,1, . . . ,q2 − 2
}
and {
Pij = σ j,0(Pi): j = 0,1, . . . ,q2 − 2
}
for i = 1,2, . . . ,q2 − 1.
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L((2g3 − 1)P (3)∞ + R) is g3 + 1. Thus, there exists a function f ∈ L((2g3 − 1)P (3)∞ + R) such that
( f )∞ = R + r P∞ for some r  2g3 − 1 = 2q3 − 4q + 1. For each 1 i  q2 − 1, put
ai( f ) :=
{
f
(
σ
j
,0(Pi)
)}∞
j=0,
and q2 − 1 is a period of ai( f ).
The multisequence A := {ai( f )}q
2−1
i=1 over Fq2 is dimension q
2 − 1, and q2 − 1 is a period of A.
Theorem 3.6. Let q 3. The linear complexity ofA is q2 − 1. The period ofA is also q2 − 1.
Proof. Suppose that the linear complexity of A is less than q2 − 1. Let k be the linear complexity
of A. Then there exist k + 1 elements λ0, λ1, . . . , λk ∈ Fq2 with λk = 0 such that
k∑
j=0
λ j f
(
σ
j+l
,0 (Pi)
)= 0 (1)
for all l 0 and i = 1,2, . . . ,q2 − 1.
Eq. (1) can be written into
(
k∑
j=0
λ jσ
− j
,0( f )
(
σ l,0(Pi)
))= 0. (2)
The following facts are obvious.
1) σ− j,0(R) are distinct for j = 0,1, . . . ,k.
2) For 0 j, t  k, σ− j,0(R) is a pole of σ
−t
,0( f ) if and only if j = t .
3) Hence σ− j,0(R) is a pole of
∑k
j=0 λ jσ
− j
,0( f ).
So the function
∑k
j=0 λ jσ
− j
,0( f ) is a nonzero element of L((2g3 − 1)P (3)∞ + σ− j,0(R)). By (2), we
know that the function
∑k
j=0 λ jσ
− j
,0( f ) belongs to
L
(
(2g3 − 1)P (3)∞ +
k∑
j=0
σ
− j
,0(R) −
q2−1∑
i=1
q2−2∑
l=0
σ l,0(Pi)
)
.
So
deg
(
(2g3 − 1)P (3)∞ +
k∑
j=0
σ
− j
,0(R) −
q2−1∑
i=1
q2−2∑
l=0
σ l,0(Pi)
)
 0,
i.e.,
(2g3 − 1) + k + 1 = 2q3 − 4q + 1+ k + 1
(
q2 − 1)2.
This is impossible. The desired result follows from this contradiction. 
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in A has linear complexity q2 − 1 as well. For instance, we consider the multisequence A1 =
{a1( f ), . . . ,a2q+1( f )}. Suppose that the linear complexity of A1 is k. Then there exist k + 1 elements
λ0, λ1, . . . , λk ∈ Fq2 with λk = 0 such that
k∑
j=0
λ j f
(
σ
j+l
,0 (Pi)
)= 0
for all l 0 and i = 1,2, . . . ,2q+ 1. By the same argument in the proof of Theorem 3.6, we can show
that
∑k
j=0 λ jσ
− j
,0( f ) is a nonzero element of
L
(
(2g3 − 1)P (3)∞ +
k∑
j=0
σ
− j
,0(R) −
2q+1∑
i=1
q2−2∑
l=0
σ l,0(Pi)
)
.
Hence,
(2g3 − 1) + k + 1 = 2q3 − 4q + 1+ k + 1
(
q2 − 1)(2q + 1).
This is impossible.
Theorem 3.8. Let q 3.
1) The l-error linear complexity ofA is still q2 − 1 for all l q2 − 2q − 2.
2) The l-error linear complexity ofA is at least q2 − 2q+ s− 3+  s2−(2q+2)s+4q
q2−s  for all l q2 − 1− s and
0< s 2q + 1.
Proof. 1) Let a multisequence A1 be obtained from A by changing l positions in the ﬁrst period of
length q2 − 1 and continuing the changes periodically. Put
A1 ∩A :=
{
ai( f )
∣∣ ai( f ) ∈A1, ai( f ) ∈A}.
l q2 − q − 2, so |A1 ∩A| 2q + 1. The linear complexity of A1 ∩A is q2 − 1. 1) is proved.
2) Let a multisequence A2 be obtained from A by changing exactly q2 −1− s positions in the ﬁrst
period of length q2 − 1 and continuing the changing periodically.
Suppose |A ∩A2| = t1, 2q + 1 > t1  s, and t2 sequences in A2 are obtained from those in A by
changing exactly one position in the ﬁrst period of length q2 −1 and continuing the changing periodi-
cally. W.l.o.g., let A∩A2 = {a1( f ), . . . ,at1 ( f )}. For each of the other sequences at1+1( f ), . . . ,at1+t2 ( f ),
there is exactly one position changed in the ﬁrst period.
Assume that f (σ si0(Pi)) is changed, where i = t1+1, . . . , t1+t2. Suppose that the linear complexity
of A2 is k, and
∑k
j=0 λ j T j ∈ Fq2 [T ] generates A2 with λk = 0. So
k∑
j=0
λ j f
(
σ
j+l
0 (Pi)
)= 0
for all l 0, i = 1, . . . , t1, and
k∑
j=0
λ j f
(
σ
j+l
0 (Pi)
)= 0
for all si + 1 l q2 − 2+ si − k and i = t1 + 1, . . . , t1 + t2.
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∑k
j=0 λ jσ
− j
0 ( f ) is a nonzero function of
L
(
(2g3 − 1)P (3)∞ +
k∑
j=0
σ
− j
,0(R) −
t1∑
i=1
q2−2∑
l=0
σ l,0(Pi) −
t1+t2∑
i=t1+1
q2−2+si−k∑
l=si+1
σ l,0(Pi)
)
.
The degree of the above divisor is nonnegative, i.e.,
(2g3 − 1) + k + 1 t1
(
q2 − 1)+ t2(q2 − 2− k),
k (t1 + t2)(q
2 − 1) − 2q3 + 4q − 2− t2
t2 + 1 ,
and
2q + 1> t1  s,
q2 − 1− s t2  q2 − 1− 2q −
⌊
q2 − 1− s
2
⌋
,
q2 − 1 t1 + t2  q2 − 1−
⌊
q2 − 1− s
2
⌋
.
So k q2 − 2q + s − 3+  s2−(2q+2)s+4q
q2−s . 2) is proved. 
Remark 3.9. For a multisequence A, there are the k-error Fq2 -linear complexity Lq
2
q2−1,k(A) and the−→
k -error joint linear complexity Lq2−1,−→k (A), where
−→
k = (k1, . . . ,kq2−1) ∈ Zq2−1 [9].
1) Let k = t , the t-error Fq2 -linear complexity Lq
2
q2−1,t(A) is about
q2−1
t − 2q.
2) Put
Ki :=
∣∣{ j ∣∣ k j = i, k j ∈ {k1, . . . ,kq2−1}}∣∣, i = 0,1, . . . ,q2 − 1,
and
−→
k = (k1, . . . ,kq2−1) ∈ Zq2−1.
(1) K0  2q + 1, Lq2−1,−→k (A) = q2 − 1.
(2) K0 < 2q + 1, Lq2−1,−→k (A) is about
max
{
(q2 − 1)K0 + · · · + q2−1t Kt − 2q3 + 4q − 2
K1 + · · · + Kt + 1 , t = 1, . . . ,q
2 − 1
}
.
Let c ∈ F∗
q2
and cq + c = 0. σ1,c ∈ Aut(F3/Fq2 ),
σ1,c(x1) = x1, σ1,c(z2) = z2, σ1,c(z3) = z3 + c.
We have the following lemma.
Lemma 3.10.
1) ord(σ1,c) = p, where p is the characteristic of Fq2 .
2) σ1,c(Q 0,α) = Q 0,α , σ1,c(P (3)∞ ) = P (3)∞ .
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elements.
4) The action of σ1,c on all rational places in M gives rise to (q2 − 1)q2/p orbits, and every orbit contains p
elements.
From Lemma 3.10, we can obtain (q2 − 1)q2/p + q/p orbits, and every orbit contains p elements.
Let us label the elements of the (q2 − 1)q2/p + q/p orbits
{
σ
j
1,c(R): j = 0, . . . , p − 1
}
and
{
σ
j
1,c(Pi): j = 0, . . . , p − 1
}
for i = 1, . . . , (q2 − 1)q2/p + q/p − 1. By the Riemann–Roch theorem, the dimension of L((2g3 −
1)P (3)∞ ) is g3 and the dimension of L((2g3 − 1)P (3)∞ + R) is g3 + 1. Thus, there exists a function
f ∈ L((2g3 − 1)P (3)∞ + R) such that ( f )∞ = R + r P (3)∞ for some r  2g3 − 1 = 2q3 − 4q + 1. For each
1 i  (q2 − 1)q2/p + q/p − 1, put
bi( f ) :=
{
f
(
σ
j
1,c(Pi)
)}∞
j=0.
p is a period of bi( f ).
The multisequence B := {bi( f )}
(q2−1)q2+q
p −1
i=1 over Fq2 is dimension
(q2−1)q2+q
p − 1, and p is a period
of B.
Theorem 3.11.
1) Let B′ ⊆ B, and
∣∣B′∣∣ 2q3 − 4q
p
+ 2.
The linear complexity of B′ is p.
2) Let l q
4−2q3−q2+5q
p − 3, the l-error linear complexity of B is p.
Proof. 1) Assume the linear complexity k of B is less than p. Similarly in the proof of Theorem 3.6,
we have
2q3 − 4q + 2+ k p∣∣B′∣∣= 2q3 − 4q + 2p.
This is impossible.
2) As l q
4−2q3−q2+5q
p − 3,
q4 − q2 + q
p
− 1− l 2q
3 − 4q
p
+ 2.
2) is proved from 1). 
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Let θ ∈ F∗
q2
and c ∈ Fq2 , cq + c = 0.
τθ,c : Fn → Fn
τθ,c(x1) = θx1,
τθ,c(zi) = θq+1zi, 2 i  n − 1,
τθ,c(zn) = θq+1zn + c.
Then it is easily checked that τθ,c ∈ Aut(Fn/Fq2 ).
The situation of the rational places of Fn/Fq2 is complicated, especially, when q is even. From
Lemma 2.2 1) and 3), we know that there are a rational place P (n)∞ ∈ P(Fn) and a rational place
Qn ∈ P(Fn), where P (n)∞ is the common pole of x1, z2, . . . , zn and Qn is the common zero of
x1, z2, . . . , zn .
Let α1 ∈ F∗q2 , deﬁne
Mnα1 :=
{
(α2,α3, . . . ,αn)
∣∣ αq2 + α2 = αq+11 , αq3 + α3 = (α−11 α2)q+1, . . . ,
α
q
n + αn =
(
α−1n−2α
−1
n−4 · · ·αn−3αn−1
)q+1}
,
Mn :=
{
Mnα1
∣∣ α1 ∈ F∗q2},
|Mn| = (q2 − 1)qn−1.
Put
Mn0 := S(n)0 ∪ {Qn} =
{
P0···0δ
∣∣ δq + δ = 0, δ ∈ Fq2}.
Then |Mn0| = q.
Lemma 3.12. Let  denote a generator of Fq2 .
1) τ,0 ∈ Aut(Fn/Fq2 ) and ord(τ,0) = q2 − 1.
2) τ,0(P
(n)∞ ) = P (n)∞ and τ,0(Qn) = Qn.
3) The action of τ,0 on all rational places in Mn gives rise to qn−1 orbits, and each of these orbits contains
q2 − 1 elements.
4) S(n)0 = {τ,0(P0···0α), for some α ∈ F∗q2 , αq + α = 0}.
By Lemma 3.12 3), the automorphism group τ,0 divides all rational places in Mn into qn−1 orbits
and each of the orbits contains exactly q2 − 1 elements. Let these qn−1 orbits be
{
τ
j
,0(R): j = 0,1, . . . ,q2 − 2
}
and
{
τ
j
,0(Pi): j = 0,1, . . . ,q2 − 2
}
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the dimension of L((2gn − 1)P (n)∞ + R) is gn + 1. So there exists a function f ∈ L((2gn − 1)P (n)∞ + R)
such that ( f )∞ = R + r P (n)∞ for some r  2gn − 1. For each 1 i  qn−1 − 1, put
ci( f ) :=
{
f
(
τ
j
,0(Pi)
)}∞
j=0.
It is obviously that q2 − 1 is a period of the above sequence. The multisequence C := {ci( f )}q
n−1−1
i=1 is
a multisequence over Fq2 of dimension q
n−1 − 1, and q2 − 1 is a period of C .
Theorem 3.13. Let C′ ⊆ C . If
∣∣C′∣∣ ⌈ 2gn
q2 − 1
⌉
+ 1
then the linear complexity of C′ is q2 − 1. Especially, the linear complexity and the period of C are both equal
to q2 − 1.
Proof. The proof is similar to Theorem 3.6. We omit the details. 
Let α ∈ F∗
q2
and αq + α = 0. τ1,α ∈ Aut(Fn/Fq2 ),
τ1,α(x1) = x1, τ1,α(zi) = zi ( for 2 i  n − 1), τ1,α(zn) = zn + α,
and we have the following lemma.
Lemma 3.14.
1) ord(τ1,α) = p.
2) τ1,α(P
(n)∞ ) = P (n)∞ .
3) The action of τ1,α on all rational places in Mn0 gives rise to q/p orbits, and each of these orbits contains
p elements.
4) The action of τ1,α on all rational places in Mn gives rise to (q2 −1)qn−1/p orbits, and every orbit contains
p elements.
So we can obtain (q
2−1)qn−1+q
p orbits, and every orbit contains p elements. Let us label these orbits
{
τ
j
1,α(R): j = 0, . . . , p − 1
}
and {
τ
j
1,α(Pi): j = 0, . . . , p − 1
}
for i = 1, . . . , (q2 − 1)qn−1/p + q/p − 1. By the Riemann–Roch theorem, the dimension of L((2gn −
1)P (n)∞ ) is gn and the dimension of L((2gn −1)P (n)∞ + R) is gn+1. There exists a function f ∈L((2gn −
1)P (n)∞ + R) such that ( f )∞ = R+r P (n)∞ for some r  2gn−1. For each 1 i  (q2−1)qn−1/p+q/p−1,
put
di( f ) :=
{
f
(
τ
j
1,α(Pi)
)}∞
j=0.
p is a period of di( f ).
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D := {di( f )} (q2−1)qn−1+qp −1i=1
over Fq2 is dimension
(q2−1)qn−1+q
p − 1, and p is a period of D.
Theorem 3.15. LetD′ ⊆D, and
∣∣D′∣∣ ⌈2gn
p
⌉
+ 1.
Then the complexity ofD′ is p. Especially, the linear complexity and the period ofD are both equal to p.
4. Conclusion
In this paper, we give a construction method of multisequences from a tower of Artin–Schreier
extensions of function ﬁelds. Moreover we obtain some classes of multisequences over Fq2 with both
large linear complexity and large k-error linear complexity.
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